An expansion of the electromagnetic form factors of the nucleon and ∆(1232) in small momentum transfer and pion mass is performed in a manifestly-covariant EFT framework consistent with chiral symmetry and analyticity. We present the expressions for the nucleon and ∆(1232) electromagnetic form factors, charge radii, and electromagnetic moments in the framework of SU(2) baryon chiral perturbation theory, with nucleon and ∆-isobar degrees of freedom, to next-to-leading order. Motivated by the results for the proton electric radius obtained from the muonic-hydrogen atom and electron-scattering process, we extract values for the second derivative of the electric form factor which is a genuine prediction of the p 3 BχPT. The chiral behavior of radii and moments is studied and compared to that obtained in the heavy-baryon framework and lattice QCD. The chiral behavior of ∆(1232)-isobar properties exhibits cusps and singularities at the threshold of ∆ → πN decay, and their physical significance is discussed. *
I. INTRODUCTION
The physics of nucleon form factors is about 60 years old [1, 2] and yet surprises in this venue are not unusual till now. Just last year the most precise atomic measurement of the proton charge radius yielded [3] : r Ep = r 2 = 0.84184(67) fm, in unexpected disagreement with the best electron-scattering result [4] : r Ep = 0.879(8) fm. Much effort since then have been focused on finding a "missing" correction in the muonic-hydrogen result, e.g. [5] [6] [7] [8] . We, on the other hand, will attempt to provide here some grounds for an improvement of the electron-scattering analysis. The electron-scattering measurement of the proton charge radius is done by determining the slope of the proton form factors at zero momentum transfer: Q 2 ≡ −q 2 = 0. In reality the measurements are done at small but finite momentum transfer, Q 2 ≥ 0.01 GeV 2 , and an interpolation to zero is required. The simplest one is based on Taylor expansion in Q 2 ,
where r n is the nth moments of the proton charge distribution which values are fitted to data. However, the validity of such an expansion, its radius of convergence, is limited by the nearest singularity in the complex Q 2 plane, which, if we neglect the radiative corrections, is located at Q 2 = −4m 2 π , the the two-pion production threshold. This simply means that a polynomial fit is limited to |Q 2 | ≪ 4m 2 π ≈ 0.08 GeV 2 , where the database is scarce. One can extend the interpolation range only by including the effect of the pion-production channels explicitly. This can in principle be done using dispersion theory, see e.g. [9] [10] [11] . For that, however, one needs the information in the timelike region, which is also not accurate enough, and is usually complemented in a model-dependent fashion. Nonetheless, some of the state-of-the-art dispersion analyses [12, 13] had obtained the smaller value of r Ep (well before the muonic hydrogen result appeared!), which reinforces the motivation to include the pion-production effects in the interpolation of low-Q 2 data. Here we approach this issue in the framework of chiral perturbation theory (χPT) [14, 15] . The χPT itself does not have a prediction for the proton charge radius, its leading-order value is given by a combination of low-energy constants (LECs), which are free parameter of the theory to be matched to QCD. However, the leading order pion-loop contributions are fixed in terms of well-known parameters and provide a prediction of the analytic structure of the form factors at small Q 2 . In this work we shall only present the relevant χPT calculations; their impact on the charge radius extraction will be studied elsewhere.
Another set of issues concerning the electromagnetic form factors comes from the side of lattice QCD, which presently is the only method to do ab initio calculations of the low-Q 2 hadron structure. The latest lattice QCD calculations of the nucleon [17] [18] [19] [20] [21] and ∆(1232) [22] [23] [24] [25] [26] electromagnetic (e.m.) properties call for a better analysis of the pion-mass and volume dependencies. The most troublesome are the results for the nucleon charge radii, which show little dependence on the pion mass and a large discrepancy with experiment upon a naive extrapolation to the physical pion mass. χPT predicts charge radii to diverge in chiral limit (m π → 0) and therefore from its point of view it is plausible that the correct chiral extrapolation and finite-volume corrections will reconcile the lattice results with experiment.
Presently, both m π and finite-volume dependencies are usually computed using the heavybaryon χPT (HBχPT) [27] , where the chiral expansion is accompanied with an expansion in the inverse baryon mass. The latter expansion can be poorly convergent (see, e.g. [28, 29] ) and the so-called manifestly Lorentz-invariant schemes [28, 30] , which avoid the heavybaryon expansion, gain popularity in practice. In this work we adopt the extended on-mass shell scheme (EOMS) [31] , which has the advantage of preserving analyticity. As a result, our expressions for the form factors will satisfy the usual dispersion relations written in Q 2 , as well as the dispersion relation of Ref. [32] written in m 
where 0 in the integration limits is indicative of the threshold position, n is the number of subtractions; Q 2 and m 2 π are positive. The earlier χPT analyses of nucleon and ∆-isobar form factors were based on either the heavy-baryon approach [33, 34] , or the infraredregularization scheme [35] , where the above dispersion relations can only be satisfied approximately, unless a special care is taken as, e.g., in [36] . Ref. [37] contains thusfar the only SU(2) calculation of nucleon form factors in the EOMS whereas calculations of the octet-and decuplet-baryon em moments has been reported in the context of SU(3) BχPT in [38] [39] [40] . Here we have recalculated the contributions found in [37] , included the leadingorder corrections due to ∆-isobar, and computed all the ∆(1232)-isobar form factors to next-to-leading order.
In Sect. II, we summarize the ideas of chiral expansion in the single-baryon sector and specify the contributions calculated in this work. In Sect. III and IV we consider the pionmass dependence of, respectively, the nucleon and ∆ electromagnetic radii and moments, and compare it with the HBχPT results and lattice-QCD results where possible. Some conclusions are presented in Sect. V. Appendix A contains the notation and definitions, while Appendices B and C contain analytical expressions of the contributions to, respectively, the nucleon and the ∆ form factors obtained in this work.
II. FORM FACTORS IN BARYON χPT
The chiral effective-field theory to which we refer as to χPT is an effective-field theory of low-energy QCD, as it contains the most general form of interaction among the lightest hadrons -most notably, pions -in a way consistent with symmetries of QCD Green's functions [14, 15] . A special role is enjoyed by chiral symmetry which insures that pions couple through a derivative couplings while the symmetry breaking terms are accompanied with powers of m 2 π . When the scale of spontaneous chiral symmetry breaking, 4πf π ≈ 1 GeV, is much larger than the scale of the explicit symmetry breaking, m π , as is observed in nature, one may set up a systematic expansion of any observable quantity in powers of E/(4πf π ) and m π /(4πf π ), where E is the characteristic relative-energy of external legs in a given process. These ratios of light to heavy scales are commonly denoted as p. To a given order in p, a finite number of terms, accompanied by a finite number of low-energy constants (LECs), contribute. Simple power-counting rules exist to select the necessary contributions to any given order in p.
A. Power counting in the single-baryon sector
The inclusion of the nucleon fields was initially done by Gasser, Sainio and Svarc [16] , who note that the nucleon mass M N invalidates the usual power-counting arguments. For instance, the one-loop nucleon self-energy graph, with the leading πNN couplings, counts as order p 3 , but in the actual calculation the positive powers of M N appear and make this contribution of order p 2 . It was later on realized that such "power-counting violating" terms have no physical effect since their contribution is always compensated by LECs present at that order in the expansion of physical quantity [30] . One can set up a scheme where the troublesome terms are absorbed by a renormalization of available LECs, e.g. the EOMS [31] .
A neat way to get rid of positive powers of M N from the outset is provided by the HBχPT [27] . In HB expansion, which is in a way similar to semi-relativistic treatments, in addition to the positive power of M N one drops a number of contributions with negative power of M N . These contributions are typically of the form
with n higher than the order of p to which the expansion is made. As long as the constants a and b are of order of unity (natural size) relative to the coefficients of the given-order term, these terms are indeed of the size of higher-order corrections. There are examples, however, where a, b are unnaturally large and the expansion fails as the result (see, e.g. [28, 29] ). In these cases, the expansion in p might only converge if one refrains from the HB expansion.
A popular manifest-Lorentz-invariant scheme where the power-counting-violating terms do not arise is the infrared regularization (IR) of Becher and Leutwyler [28] , which has been applied to nucleon form factors by Kubis and Meissner [35] . The IR procedure can be described as follows.
o An equivalent formulation of the IR:
The negative-pole contribution of nucleon propagator in a give loop graph is deleted by hand. As the result, the graphs with nucleon propagators only vanish, since the contour can always be closed in the half-plane which does not have a pole. In the graphs where both the nucleon propagators enter with a pion propagator, e.g.,
the nucleon propagator is replaced as follows:
In any one-loop graph containing N π pion propagators,
each nucleon propagator changes as follows:
This formulation is more convenient to check Ward-Takahashi identities since the normal propagator preserve gauge invariance and the additional part vanishes upon closing the loop integration contour in the half-plane which is free of poles. It is not difficult to see that the "modified" IR procedure [42] , introduced to define IR beyond one loop, does not satisfy the e.m. gauge symmetry exactly, but only to a given order in the chiral expansion. The violating terms are of higher order from the viewpoint of heavy-baryon expansion, but not in a covariant framework. One apparent drawback of IR is that it changes the analytic structure of the loop integrals such that unphysical cuts appear. The unphysical cuts lie far outside the region of χPT interest, but they still have an effect on that region as can be seen for example through a dispersive representation. Namely, if the quantity in question obeys a dispersion relation, let say in energy s,
then in the IR scheme it would take the form:
such that, even if f 0 is far away from the region of interest (i.e., f 0 ≪ s and s ≈ s 0 ), an unphysical contribution is generated and its smallness is hard to assess a priory. The imaginary part over the physical cut is the same in IR, EOMS, or any other relativistic scheme. In fact, the whole difference between the IR and EOMS is the unphysical cut contribution.
A common problem of Lorentz-covariant schemes is that the superficial index of divergence ω may exceed the chiral power-counting index n, and thus an UV-divergence may appear ω − n orders lower than the LEC which renormalizes it. This problem is often viewed as an inconsistency of the covariant approach, but in fact it only means one needs to specify the renormalization scheme for all LECs from the outset. In HBχPT, ω = n, because the time-derivatives of the heavy (nucleon) field are eliminated. On the other hand, the HBχPT results can readily be reproduced from covariant ones by expanding the latter in the inverse baryon masses.
Since the nucleon is easily excited into the ∆(1232)-resonance, the excitation energy ∆ = M ∆ − M N ≪ 4πf π , the χPT with nucleons is not complete without the ∆-isobar degrees of freedom. The power-counting for the ∆-isobar contributions depends on how the two light scales m π and ∆ compare to each other. m π ∼ ∆ leads to the "small-scaleexpansion" (SSE) [43] , while m π ≪ ∆ leads to the "δ-expansion" [44, 45] . In the absence of one-particle-reducible graphs, as is in the case of form factors, the two power-countings yield very similar results. In the δ-expansion, where a one-particle-irreducible graph with L loops, N π pion propagators, N N nucleon propagators, N ∆ propagators, and V k vertices containing k powers of pion momentum (and electric charge), counts as:
In the SSE the power-counting index of such graphs would be
and hence for p ∼ ∆ the two countings coincide. The pion mass insertions which are relevant for the pion-mass-dependence calculation will still render the countings to be different. In this case, however, the δ-expansion is not appropriate as the pion-mass dependence needs usually to be assessed in the range of m π ∼ ∆. For this purpose we adopt the SSE counting. In this work we have calculated the p 3 graphs shown in Fig. 1 and Fig. 2 . The resulting expressions are collected in Appendix B and C, respectively. Below we list the terms of the effective chiral Lagrangian that were used in the calculation of these loops. 
B. Details of the effective Lagrangian and loop results
The effective Lagrangian is written in terms of pion, nucleon, ∆-isobar and photon fields, π a , N, ∆ µ , A µ , and -expanded to the appropriate power in the number of these fields, pion derivatives and mass -reads as follows:
where the definitions of the iso-spin and Dirac matrices are given in Appendix A and the covariant derivatives are:
with e > 0. Further details can be found in Sect. 4 of Ref. [46] . The parameters of the Lagrangian are considered to be known and their physical values are listed in Table I . The value of H A = (9/5)g A ≃ 2.28 is taken from the large-N c limit and the value of h A = 2.85 is fixed by the experimental ∆(1232)-isobar decay width Γ ∆ = 0.115GeV, cf. [47] .
The couplings to the ∆-isobar are chosen to be consistent with the covariant construct of the free Rarita-Schwinger theory and hence do not invoke the unphysical degrees of freedom of vector-spinor field [48] [49] [50] . However, the minimal coupling of the photon, here the γ∆∆ coupling, is the well-known exception. We attempt to correct this problem by adding nonminimal γ∆∆ coupling [24, 51] :
where
are the electromagnetic field strength tensor and its dual with ε 0123 = +1. This non-minimal couplings, for κ 1 = κ 2 = 1 is the one found in N = 2 supergravity (SUGRA), which is known to overcome the above-mentioned consistency problem.
As the result, the γ∆∆ vertex becomes:
with q = p ′ − p, and denote κ nm ≡ κ 1 = κ 2 in the resulting expressions of the Appendix. In this way by putting κ nm = 0 or 1 we recover either the result of the minimal coupling or of the 'truncated SUGRA'. We want to note, that only the SUGRA choice ensures that the e.m. moments of the ∆(1232) take natural values at the tree level, see [24, 52] for more details.
With the above and the notation in Appendix A, our results from the graphs in Fig. 1 for the iso-vector (V) nucleon anomalous magnetic moment κ V and for the Dirac r 
with
We list all expressions for the F 2 [9, 55] . A LEC for the Pauli radius enters at a p 4 BχPT calculation. From an EFT viewpoint, the iso-vector and iso-scalar nucleon combinations have a very different behavior. In the case of the iso-scalar, unlike to the iso-vector part, sizeable two-loop corrections are known to appear [56] . We will not discuss the iso-scalar quantities in our one-loop calculation. Accordingly, our results from the graphs in Fig. 2 for the ∆ + (1232)-isobar magnetic moment µ ∆ , electric quadrupole moment Q ∆ , magnetic octupole moment O ∆ and the charge radius r 2 E0 are:
All expressions for the F ∆j i (q 2 ) are given in Appendix C. The quantities
• r E0 are the LECs for the ∆ + (1232)-isobar moments and its charge radius. We estimate the error coming from terms higher order in m 2 π by adding ±n · m 2 π to our results where n is taken to be of natural size, i.e. n = 1.
In the upcoming sections we will use the following parameters for better reading:
where M sc is the relevant mass scale for the observables in question, i.e. M sc = M N for the nucleon quantities and M sc = M ∆ for the ∆(1232) ones. We work in d = 4 − 2ε dimensions.
C. Chiral structure and renormalization
As discussed in detail in Subsection A, we employ the EOMS scheme [31] to renormalize the loops in Figs.(1, 2) . We cancel the ultra-violet divergences so that the renormalized LECs are equal to their "physical" values in the chiral limit. Within this renormalization prescription the divergences proportional to L = − In App. B and C we give all nucleon and ∆(1232)-isobar quantities renormalized with MS, the renormalization of the power-counting breaking terms is done in this section. We will see that all renormalized LECs will not change much by including various contributions.
For the nucleon iso-vector quantities to the order p 3 there are LECs for the Dirac radius and the anomalous magnetic moment while one for the Pauli radius enters at the order p 4 , cf. [53] . Schematically the chiral structures are:
with c i , α i , β i and γ i as some definite constants given in the next section. In the chiral limit both radii diverge with ln µ and 1/µ, respectively. The constants c 1 and c κ have to be renormalized and are listed in Appendix B. In Tab. II we see how the values of the LECs
• r V and • κ V change by renormalizing the above constants when taking into account: only virtual nucleons, virtual nucleons and ∆(1232) with minimal photon coupling, and virtual nucleons and ∆(1232) with truncated SUGRA. The renormalized values of the LECs do not change Table II : Values of the LECs by considering various contributions to the observables. We use the following values for the nucleon iso-vector and ∆ + (1232) quantities at the physical point:
, O ∆ = 0 and r 2 E0 = 0. In the second column the N/∆ means to take only virtual nucleons (∆(1232)) contributions for the nucleon (∆(1232)) quantities, the third column to include both virtual baryons with minimal γ∆∆ coupling and the fourth to take the truncated SUGRA. much by including the different contributions. Further, our results for the nucleon case are compatible to the p 4 calculation in [37] . In the case of the ∆(1232) electromagnetic quantities there are LECs for all multipole moments and the charge radius:
• r E0 . Schematically the chiral structures are:
In the chiral limit only the ∆(1232) EQM and its charge radius diverge with ln µ whereas the MOM is finite. In the MOM the logarithm coming from the F ∆ 3 (0) is exactly canceled by the same term appearing in F ∆ 4 (0). Again, the c i have to be renormalized and are explicitly listed in the Appendix C. We use the following values for the physical point to see the changes of the LECs with respect to including the various contributions:
dipole moment is taken from [57] and the value for the quadrupole moment is a large N c estimate, see Section IV B. For the octupole moment and the charge radius no information is available and we use: O ∆ = 0 and r 2 E0 = 0. The numbers for these quantities correspond to the bare change of the LECs.
In total we see that the renormalized LECs change within a reasonable degree.
III. RECOVERING THE HBχPT RESULTS
The nucleon electromagnetic quantities were studied within the SU(2) heavy baryon χPT approach in Ref. [53] while the ∆(1232)-isobar ones in the HBχPT SU(3) calculation Ref. [34] . The HBχPT approach is an expansion in powers of 1/M N where only the leading term is kept. We compare our covariant BχPT results with these studies and see that in this limit our formulas reduce to the HBχPT expressions. In App. B 1 we give our full results and discuss in this section only the terms up to the second order in m π .
A. Nucleon electromagnetic form factors
To compare our results to the HBχPT study [53] , we expand the HBχPT expression in m π and ∆ and absorb all constant terms into the LECs:
We want to note that the ∆ expansion is done only for the comparison purpose. The corresponding parts of our work with only nucleon contributions are:
The HBχPT results are reproduced and all additional terms are of higher order in 1/M N , however, some of these are numerically as important as the HBχPT expressions. Expanding our expressions with ∆(1232) contributions and minimal γ∆∆ coupling in m π gives:
Expanding these expressions also in ∆ yields the ∆(1232) contributions of Eqs. (34) (35) (36) . Compared to the minimal γ∆∆ coupling, the non-minimal contributions give terms that are of higher 1/M N order than those already present and do therefore not appear in a HBχPT calculation. In total, our results reduce in the limit M N → ∞ to the corresponding HBχPT expressions of [53] . We also see explicitly that in the HBχPT numerical sizeable contributions, in that approach subleading in 1/M N , are dropped.
B. ∆(1232) electromagnetic form factors
In the case of the ∆(1232) em quantities, there exists the HBχPT SU(3) calculation Ref. [34] . We will compare our covariant formulae with this non-relativistic study.
To do that we expand our results of App. C to the second order in m π below the ∆(1232) → πN threshold: 
where the factor r in µ ∆ comes from defining the quantity in µ N and we included the factor 1/2 for the Q ∆ and the 6 for the r 2 E0 . We will now compare certain ratios of coefficients within our formulas against the same ratios extracted from [34] .
Starting with r 2 E0 , the ratio between the ∆T 1 and ∆1 contribution of Fig. 2 where the factor 6 of the radius definition is not included in [34] . Comparing in this manner the formulas, we obtain an agreement for all coefficients of the various µ and ln µ terms in the various moments and charge radius.
In total, we conclude that our formulas reduce in the limit of M N → ∞ to the HBχPT non-relativistic ones. Comparing numerically several terms of our formulas against the leading 1/M N parts show that sometimes sizeable contributions are dropped in HBχPT.
IV. COVARIANT BARYON χPT RESULTS
In this section we present our main results. We study the nucleon form factors at the physical point for small momentum transfer with respect to the extraction of the proton electric radius from experimental data. Further, we also study the chiral behavior of the nucleon and ∆(1232) form factors for Q 2 = 0 with m 2 π < 0.3 GeV 2 and compare them to available lattice QCD results.
A. Nucleon electromagnetic form factors
As discussed in the introduction the inclusion of pion-production effects in the interpolation of low-Q 2 data for the proton electric form factor can be addressed within the framework of the baryon χPT. It is the second derivative of G p E (q 2 ) which is a genuine prediction of this theory and constraints the analytic structure of the form factor at small space-like momentum transfers, −q 2 ≤ 0.01 GeV 2 . Including such constraints in the proton charge radius extraction from electron-scattering data could have a quantitative impact.
The proton electric form factor expanded to second order in q 2 is:
where we obtain for
) the following result at the physical point:
with I i as the iso-spin factors. Since the important contributions, apart from the truncated SUGRA, come from the diagrams N1, NT1 and N3, we can make a direct comparison to the HBχPT results of Ref. [53] : 
The first term comes from the diagrams N1, NT1 and is also the 1/M N leading term in our results. Expanding our results in ∆ coincides with the leading 1/M N part of the same expansion in the HBχPT.
In Tab. III we compare our covariant numbers with those of the HBχPT. These numbers are to be entered for (47) . In the case of only virtual nucleons, second column, the difference of the results are the additional terms of higher 1/M N orders in the diagram N1. In HBχPT the second derivative is dominated by (39), and are also discussed with respect to the chiral behavior later. Using the numbers of Tab. III to constrain the extrapolation of experimental data in the region of Q 2 ≤ 0.01 GeV 2 could have a quantitative impact on the extracted number for r 2 E p . Another application of our BχPT form factor results is to study their chiral behavior in comparison to lattice QCD calculations. In Fig. 3 we show the nucleon iso-vector quantities κ V , r 2 1 V and r 2 2 V . The red solid curve corresponds to taking all contributions, truncated SUGRA, while the blue long-dashed curve to taking virtual baryons with strictly minimal photon couplings. The green short-dashed curve corresponds to the calculation with only virutal nucleons. The lQCD results are those of the LHPC collaboration [18, 21] , of the work [19] and of the QCDSF/UKQCD collaboration [20] . In our p 3 BχPT calculation appear LECs for the quantities κ V and r However, the data points for the smaller pion masses are not reached. A similar behavior is found in [18] [19] [20] . In these works the LHPC results were tried to fit by a HBχPT small scale expansion calculation with inclusion of explicit ∆(1232)-isobar and a radii. The results correspond to: solid (red) curve to nucleon and ∆(1232) contributions with truncated SUGRA; long-dashed (blue) curve to our result with virtual nucleons and ∆(1232) with minimal coupling; short-dashed (green) curve to only virtual nucleon. The lattice results are taken from: blue down-triangles [18] , black right-triangles [19] , brown up-triangles [20] , green left-triangles [21] . The blue circles denote the phenomenolgical values.
covariant NNLO BχPT without explicit ∆(1232)-isobar. Conclusions in [18, 20] are that the lattice LHPC data could not be fitted simultaneously. In the case of the Pauli radius r 2 2 V to the order p 3 there appears no LEC, hence the results are predictions. A LEC enters at the order p 4 . We see that our truncated SUGRA results nearly hits the experimental value. The reason is the m π -constant contribution from the non-minimal γ∆∆ coupling. This term is of the same size as the constant In this and other works finite volume lQCD results are compared to infinite volume BχPT ones. Finite volume effects on the BχPT side are known to be missing and could be one part of the explanation for the above discrepancies, especially for the small pion mass region. Further studies are presently done in that direction.
B. ∆(1232) electromagnetic form factors
We now proceed to the ∆ + (1232)-isobar magnetic dipole (MDM), µ ∆ + , electric quadrupole (EQM), Q ∆ + , magnetic octupole (MOM), O ∆ + , moments and its charge radius (CR), r 2 E0 . The experimental knowledge of the ∆ + (1232)-isobar is rather scarce. For the ∆ + (1232)-isobar MDM a value is obtained from the radiative pion photoproduction γN → πNγ ′ [57] :
For the ∆ + (1232) EQM we use the following model-independent estimation based on the large-N c limit. In Ref. [58] the large-N c relation
c ) was found which, combined with the ∆(1232)-nucleon electric quadrupole moment of Q p∆ = (−0.0846 ± 0.0033) e fm 2 [59] , gives a ∆ + (1232)-isobar EQM estimation at the physical pion mass of:
Both values for µ ∆ + and Q ∆ + are represented by blue circles in Fig. 4 . There is no experimental knowledge on the ∆(1232)-isobar MOM and CR. The Fig. 4 shows our results for the ∆(1232)-isobar electromagnetic quantities compared to the lQCD results of [22, 23] . The red solid curves correspond to the real parts with truncated SUGRA while the blue long-dashed curves correspond to excluding the non-minimal couplings. The green short-dashed curve are the imaginary parts which vanishes above m π = M ∆ − M N . The lQCD studies apply different extraction techniques for the ∆ + (1232)-isobar electromagnetic moments. The Ref. [22] extracted the MDM by applying the external background field technique while in [23] the MDM, EQM and CR are obtained through the form factors evaluated at finite Q 2 and extrapolating to Q 2 = 0 by dipole and exponential fits. There are two pion mass regions for the ∆(1232)-isobar. Above the threshold m π = M ∆ −M N the ∆(1232) is stable while below the Nπ decay channel is open. Striking features in Fig. 4 are the cusp and singularities in the real and imaginary parts of the moments and CR at this pion mass. They result from the fact that resonance electromagnetic properties at and near the opening of thresholds are not well-defined [60] .
The MDM µ, taken as the example, is usually defined by the linear energy shift of the particle in an external magnetic field B:
However, the energy change of unstable particles depend non-analytically on B and the above linear approximation can only be used when the following condition is met [60] :
At the pion mass m π = M ∆ −M N this is not the case and as a consequence the conventionally used one-photon approximation to extract a the moment is not valid. Moreover, for a given magnetic field strength | B|, there exists a pion mass region for which the ∆ + (1232)-isobar energy is not accurately approximated by Eq. (52), i.e. where the MDM is not well defined. This is directly relevant for lattice QCD investigations where the periodic boundary conditions limit the values of | B|.
To give explicit situations, we take two examples. Once a spatial lattice of L = 32 with spacing a −1 = 1 GeV and once L = 24 with a −1 = 2 GeV. We compare the magnetic field implementation by eBa 2 = 2π/L as in Ref. [61] and by eBa 2 = 2π/L 2 as in [22] . Further, we take Eq. (53) The above considerations are directly applicable to the extraction of ∆(1232)-isobar moments by the external background field method as used, e.g., in [22] . The Eq. (53) gives a relation on how to chose the parameters in order to interpret the extracted lQCD number as a MDM. We like to notice that the work [22] uses pion masses where Eq. (53) is not violated. However, future lattices will soon allow for pion masses where this will be the case.
The implications of the cusp and singularities on the three-point function method is more subtle. Form factors data points are obtained for finite Q 2 and extrapolated by dipole or exponential fits to Q 2 = 0. In the present case the cusp and singularities fall on Q 2 = 0 for m π = M ∆ − M N . Qualitatively, a finite Q 2 would enter as an additional energy parameter and the singularities would shift to Q 2 = 0 related to m π = M ∆ −M N . For lattice calculations this could mean that one extrapolates across this singularity when all data points are on the right of the singularity.
Apart from the cusp and singularities we see that the present BχPT study seems to be consistent with the lQCD data. With respect to the phenomenological uncertainties of the values at m π = 139 MeV, we can adjust the LECs
• r E0 such that both our results could agree with both lQCD works [22, 23] . In the chiral limit the EQM and the CR are logarithmically divergent while the MDM and MOM are finite. In the case of the MOM the divergent part of F 2 (q 2 ) is canceled by an equaly divergent part in F 4 (q 2 ). and O ∆ + = 0. The lQCD data of [22] are denoted by green triangles while those of [23] are depicted by orange rectangles. The grey bands are described in the text.
V. SUMMARY AND CONCLUSION
Thus, we have investigated the electromagnetic moments, radii, and form factors of the nucleon and ∆(1232) baryons in the realm of chiral perturbation theory. The principle of analyticity (microcausality) is playing an important role in these quantities, and hence, in contrast to previous investigations, we have performed the calculations in the EOMS scheme. We have obtained analytical expressions for various contributions to the nucleon isovector magnetic moments, Dirac-and Pauli-radius as well as the ∆(1232)-isobar magnetic dipole, electric quadrupole and magnetic octupole moments and charge radius, and compared the results to experimental data and to recent lattice QCD calculations where available.
BχPT predicts the analytic structure of the form factors at small Q 2 and can serve the purpose of extrapolating the electron-scattering data to Q 2 = 0. We calculated the value of the second derivative of the proton electric form factor G p E (q 2 ) in BχPT. We have analyzed the cusps and singularities appearing in the pion mass dependance of the ∆(1232) electromagnetic quantities at the point where the ∆ → Nπ decay channel opens. This singularities are connected to the fact that em properties of unstable particles at the threshold are not well defined in perturbation theory. The self-energy of unstable particles depend non-analytically on the external magnetic field. This has an impact on the extraction of lQCD em moments of unstable particles near their decay threshold. To interpret the number extracted in lQCD in the vicinity of the opening of decay channels as an em moment, the applied external magnetic field or the Q 2 data points of the form factor have to be chosen specifically.
Comparing the chiral behavior of the nucleon em quantities given by our covariant BχPT to recent lQCD studies, we see that our results for the iso-vector anomalous magnetic moment and Dirac radius are in qualitative agreement (within the BχPT uncertainties) with lQCD results for m 2 π > 0.1 GeV 2 . Including finite volume effects in our BχPT formluae is the next step and expected to resolve some of the discrepancies. The e.m. form factors are defined through the Lorentz decomposition of the matrix element of the vector current, V µ = Ψ(0)γ µ Ψ(0), between baryon states. In the case of the nucleon,
with q = p ′ − p, Q 2 = −q 2 , and u(p) as the nucleon spinor with mass M N . The invariants F 1 and F 2 are the Dirac and Pauli form factors, respectively, which at Q 2 = 0 yield the nucleon charge in units of e and the nucleon anomalous magnetic moment:
One distinguishes the iso-vector and iso-scalar nucleon form factors as:
In the case of the ∆(1232), which has spin 3/2, there are four independent form factors:
where u α (p) is a Rarita-Schwinger spinor for the spin-3/2 ∆(1232)-isobar state of mass M ∆ . The multipole form factors G E0 , G M 1 , G E2 , G M 3 of the ∆ are expressed in terms of F 's as follows:
with τ = Q 2 /(4M 2 ∆ ). At Q 2 = 0, the multipole form factors define the static moments: charge e ∆ , magnetic dipole moment µ ∆ , electric quadrupole moment Q ∆ magnetic octupole moment O ∆ , i.e.: Besides the static moments, the slopes of the form factors are of interest as they indicate the radii of the respective e.m. distributions; generically:
Isospin and Lorentz structures
The iso-spin 1/2 to 3/2 and 3/2 to 3/2 transition matrices T a and T a appearing in the N∆ and ∆∆ Lagrangians are given by: 
2 N . The iso-spin factors are given: 
In case of the unintegrated versions the densities have to be integrated by:
The integrated iso-vector versions contain the following expression:
In the following expressions for the nucleon quantities we renormalized already the infinite tems proportional to L. However, the power-counting breaking terms (constant in m π terms) are still kept at this stage. 
with n = p ′ + p. The first one is the Gordon-identity for ∆ spinors and the second a ∆ spinor identity given, e.g. in [62] .
In the following subsections we give the individual contributions from the Feynmandiagrams of Fig. 2 to the ∆(1232)-isobar form factors. We only list non-vanishing contributions. These are the non-renormalized expressions.
